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Received 21 May 2002 / Accepted 2 December 2002 We study analytically and numerically the sta-
bility of the pressure-less, viscously spreading accretion ring. We show that the ring is unstable to small
non-axisymmetric perturbations. To perform the perturbation analysis of the ring we use a stretching trans-
formation of the time coordinate. We find that to 1st order, one-armed spiral structures, and to 2nd order
additionally two-armed spiral features may appear. Furthermore, we identify a dispersion relation deter-
mining the instability of the ring. The theoretical results are confirmed in several simulations, using two
different numerical methods. These computations prove independently the existence of a secular spiral insta-
bility driven by viscosity, which evolves into persisting leading and trailing spiral waves. Our results settle
the question whether the spiral structures found in earlier simulations of the spreading ring are numerical
artifacts or genuine instabilities. accretion discs – hydrodynamics – methods: numerical Introduction
In the theory of accretion discs, the idealised problem of a viscously spreading, pressure-less ring or-
biting a central point mass on Keplerian orbits is often used to exemplify the main features of an evolv-
ing thin accretion disc, i.e. the inward transport of mass and outward transport of angular momentum
1981ARAA..19..137P,FrankKingRaine. With the approximation of a small kinematic viscosity ν that is in-
dependent of the surface density, an analytic solution exists for this problem, stated originally by lues52 and
later by 1974MNRAS.168..603L.
This axisymmetric analytic solution of the viscous dust ring is frequently used as test problem for
numerical methods developed to simulate accretion discs. The tested algorithms cover particle methods like
smoothed particle hydrodynamics (SPH) [e.g.][]1994ApJ...431..754F, Spei99 as well as grid-based codes like
RH2D [e.g.][]1999MNRAS.303..696K.
However, numerical simulations of the evolving ring often show the appearance of additional structures
in the disc. In the majority of cases, these structures consist of non-axisymmetric one-armed spirals, but
eventually also narrow concentric rings appear. Since their first discovery, it is controversially debated
whether these structures are numerical artifacts or mathematical instabilities. While 1996PASA...13...66M
show that for the axisymmetric case the concentric rings found in SPH simulations are numerical artifacts of
the method, we demonstrate in this paper that the non-axisymmetric spiral structures result from a genuine
physical instability of the problem.
Recently, 2001MNRAS.325..231O analysed radially extended accretion discs in a work presenting a
general model of eccentric accretion discs, of which the viscous ring is a simple special case. However,
because his main objective was much wider, he did not elaborate on the stability properties of the ring.
The remainder of the paper is organised as follows. In the next section, we first summarise the basic
hydrodynamic equations used for our analysis of the evolving disc, and present for reference the analytic
solution of the viscously spreading dust ring.
In Sect. sec:perturbation we use a special perturbation technique, the time-stretching approach, which
allows to obtain solutions of the spreading ring at different orders of a small expansion parameter. We derive
a linear evolution equation for an eccentricity function E. It is shown that to 2nd order, the general solution
allows the development of one-armed as well as two-armed spiral features.
In Sect. sec:local we perform a local stability analysis of the final equation for E and deduce a dispersion
relation which indicates an instability for some viscosity laws. These results are compared with numerical
simulations we present in Sect. sec:numerics using two different numerical methods, one grid-based and the
other particle based. We find in general very good agreement of both numerical methods with the predictions
of the local analysis. Thus, the simulations confirm the existence of a physical instability in the viscously
evolving ring problem. Finally, in sec:conclusion we give our conclusions. The equations sec:equations In
accretion physics one assumes that the evolution of the disc can be modelled by the hydrodynamic equations.
In the present case, we envisage a thin accretion disc, i.e. the vertical thickness of the disc is very small in
comparison to the radial extend. Therefore, the evolution of the surface density Σ of the disc can be
modelled by the vertically averaged hydrodynamic equations which reduces the problem to two dimensions
and formally corresponds to the 2D-version of the hydrodynamic equations. Basic hydrodynamic equations
sec:hydro Because of the axisymmetry of the ring solution, it is convenient to work in polar coordinates (R, ϕ).
In the presence of a central gravitational field originating by the mass Mc, the set of the basic hydrodynamic
equations consists of the continuity equation equationceq ∂Σ∂t + 1R∂(RΣvR)∂R + 1R∂(Σvϕ)∂ϕ = 0 ,
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